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Abstract
We study exclusive radiative decays of the Υ using soft-collinear effective theory and non-
relativistic QCD. In contrast to inclusive radiative decays at the endpoint we find that color-octet
contributions are power suppressed in exclusive decays, and can safely be neglected, greatly sim-
plifying the analysis. We determine the complete set of Lorentz structures that can appear in the
SCET Wilson coefficients and match onto them using results from a previous calculation. We run
these coefficients from the scale MΥ to the scale Λ ∼ 1GeV, thereby summing large logarithms.
Finally we use our results to predict the ratio of branching fractions B(Υ→ γf2)/B(J/ψ → γf2),
B(J/ψ → γf2)/B(ψ′ → γf2), and the partial rate for Υ→ γpipi.
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I. INTRODUCTION
In a recent series of papers the differential decay rate for the decay Υ → γX has been
studied in the “endpoint” region where the decay products have a large total energy of order
the Υ mass (MΥ), and a small total invariant mass squared of order ΛMΥ, where Λ ∼ 1GeV
is the typical hadronic scale [1, 2, 3, 4, 5]. An important tool in this analysis is the soft-
collinear effective theory (SCET) [6, 7, 8, 9], which is a systematic treatment of the high
energy limit of QCD in the framework of effective field theory. Specifically SCET is used
to describe the highly energetic decay products in the endpoint region. The heavy b and b¯
quarks which form the Υ are described by non-relativistic QCD (NRQCD) [10, 11].
The soft-collinear effective theory is not limited to applications involving inclusive pro-
cesses. In fact SCET has been extensively applied to exclusive decays of B mesons into light
mesons [12, 13, 14, 15, 16, 17, 18, 19, 20, 21, 22]. Here we use similar techniques to study
exclusive radiative decays of the Υ. We make use of some of the results derived in the anal-
ysis of inclusive radiative decays in the endpoint region, but the analysis of exclusive decays
is complicated by the existence of two different collinear scales. This necessitates a two-step
matching procedure [13]. In the first step one matches onto SCETI which describes collinear
degrees of freedom with typical offshellness of order
√
ΛMΥ, as is appropriate for inclusive
decays in the endpoint region as discussed above. In the second step SCETI is matched onto
SCETII, which is appropriate for exclusive processes since it describes collinear degrees of
freedom with typical offshellness of order Λ.
The analysis of Υ decay is further complicated by the existence of two types of currents:
those where the bb¯ is in a color-singlet configuration and those where it is in a color-octet
configuration. The octet operators are higher-order in the combined NRQCD and SCET
power counting, so one might suppose that they can be dropped. However, the octet currents
have a Wilson coefficient which is order
√
αs(MΥ) while the singlet current has a Wilson
coefficient of order αs(MΥ). The additional suppression of the singlet Wilson coefficient is
enough so that both color-octet and color-singlet operators must be included as contributions
to the inclusive radiative decay rate in the endpoint region [2, 3].
In this work we show that in exclusive decays the octet currents are truly suppressed
relative to the singlet current and can be neglected. We then determine the minimal set of
color-singlet currents which can arise and fix their matching coefficients in SCETI. We run
this current to the intermediate collinear scale µc ∼
√
ΛMΥ and match onto SCETII. Our
expression for the decay rate agrees to leading order in the twist expansion used in previous
work in QCD [23, 24, 25]. Finally we use our results to make a prediction for the ratio of
branching fractions B(Υ→ γf2)/B(J/ψ → γf2), B(J/ψ → γf2)/B(ψ′ → γf2), and analyze
the decay Υ→ γππ in the kinematic regime where the pions are collinear.
II. POWER COUNTING
A. Inclusive Decays
The first step is to match the QCD amplitude for a bb¯ pair in a given color and spin
configuration to decay to a photon and light particles onto combined SCETI and NRQCD
currents. The SCET power-counting is in the parameter λ ∼√Λ/M , whereM = 2mb, while
the NRQCD power-counting is in v, the relative velocity of the bb¯ pair in the Υ. Numerically,
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FIG. 1: Matching onto operators in the effective field theory with one and two gluons in the final
state. The currents on the left have a color-octet bb¯ in either a 1S0 or
3PJ configuration. The
matching for a color-singlet bb¯ pair in a 3S1 configuration is shown on the right.
λ ∼ v ∼ 1/3. The matching is shown graphically in Fig. 1. The effective theory operators
can be classified into those with the bb¯ in a color-octet configuration (shown on the left-hand
side of Fig. 1) and those with the bb¯ in a color-singlet configuration (shown on the right-hand
side of Fig. 1). The leading octet operators can be further subdivided into a those where
the bb¯ is in a 1S0 configuration and those where the bb¯ is in a
3PJ configuration. The octet
1S0 operators are [2, 3]
Jµ(8,
1S0) =
∑
i
C8,
1S0
i (M,µ)Γ
i
αµ χ
†
−pB
α
⊥ψp , (1)
where
Bµ⊥ = −
i
gs
W †[Pµ⊥ + gs(Aµn,q)⊥]W. (2)
The operator Pµ⊥ projects out the label momenta in the perpendicular direction [8]. The
sum in Eq. (1) is over all possible Lorentz structures denoted by Γiαµ, and C
8,1S0
i (M,µ) is
the corresponding matching coefficient for each structure. The octet 3PJ operators are
Jµ(8,
3PJ) =
∑
i
C8,
3PJ
i (M,µ)Γ
i
αµσδχ
†
−pB
α
⊥Λ · p̂σΛ · σδψp , (3)
where Λ is a Lorentz boost matrix. Each of these color-octet operators scales as O(λ) in
SCET. The NRQCD power-counting has the 1S0 octet operators scaling as O(v3); however,
this operator has an overlap with the Υ state beginning at O(v2). Thus the 1S0 operator
contributes at order v5λ to the Υ radiative decay rate. The 3PJ octet operator has NRQCD
scaling O(v4), but overlaps with the Υ at order v. Thus the total power-counting of the
3PJ contribution is O(v5λ), which is the same as the 1S0 octet operators. The leading order
matching coefficients for both are O(√αs(M)).
The color-singlet operators are
Jµ(1,
3S1) =
∑
i
Γiαβδµχ
†
−pΛ · σδψpTr
{
Bα⊥ C
(1,3S1)
i (M, P¯+)Bβ⊥
}
, (4)
where P¯+ = P¯† + P¯, with P¯ ≡ n¯ · P. These operators scale as O(λ2) in SCET and O(v3)
in NRQCD. The leading matching coefficients are O(αs(M)). Thus the ratio of color-octet
to color-singlet contributions in inclusive radiative Υ decay scales as:
octet
singlet
∼ v
2
λ
√
αs(M)
∼ v√
αs(M)
. (5)
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FIG. 2: An example Feynman diagram of a time-ordered product in SCETI that matches onto an
operator in SCETII that has a non-zero overlap with the final state collinear meson.
B. Exclusive decays
The situation changes when one considers exclusive decays. The currents we just discussed
are SCETI currents where the typical invariant mass of the collinear degrees of freedom is of
order µc =
√
MΛ. In order to have overlap with the meson state we must match onto SCETII
currents where the typical invariant mass of collinear particles is O(Λ). Furthermore, the
interpolating field which annihilates the meson state in SCETII is defined to consist only of
collinear fields in a color-singlet configuration [13]. Given these considerations it is simple
to match the color-singlet operator in SCETI to an operator of identical form in SCETII.
However, the matching of the octet contributions from SCETI onto SCETII is more involved.
Before we consider the matching of the octet contributions from SCETI onto SCETII
we turn our attention to the scaling of these contributions in SCETI. In order to produce
a final state consisting only of collinear fields in a color-singlet configuration we need an
interaction which changes the ultrasoft (usoft) gluon into a collinear gluon (as shown on the
left-hand side of Fig. 2). This term in the SCET Lagrangian is power suppressed by λ so
that the time-ordered product of the octet current with the collinear-collinear-usoft vertex
scales as O(λ2) in the SCETI power counting. In addition, the exchanged gluon introduces
an extra factor of the coupling constant at the matching scale: αs(µc). Including these
factors, the time-ordered product of octet currents with the subleading Lagrangian scales as
O(αs(µc)
√
αs(M)λ
2v5), and the ratio of time-ordered products to the singlet contribution
is
octet
singlet
∼ v
2αs(µc)√
αs(M)
≈ 0.05 , (6)
for the bottomonium system. For charmonium the above ratio is about 0.2. This result is
very different from the result for the inclusive decay given in Eq. (5). In SCETI the octet
contribution to exclusive radiative Υ decay is not only suppressed in the limit v, λ→ 0, but
numerically suppressed by a factor of ∼ 10 for typical values of the parameters. This is the
same order of suppression we expect from higher order SCET and NRQCD corrections; thus,
we should be able to safely neglect the color-octet contribution in SCETI. However, before
we can neglect the octet contribution in our analysis we must show that the suppression of
the octet piece holds after matching onto SCETII.
We first turn our attention to the simpler calculation: matching the color-singlet operator.
In SCETI we perform the field redefinition [9]:
An → Y A(0)n Y † , (7)
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which decouples usoft from collinear degrees of freedom. Under this field redefinition
Bα⊥ → Y B(0)α⊥ Y † , (8)
and the Y ’s cancel in the trace of the color singlet operator given in Eq. (4). Thus we
match the SCETI operator after the field redefinition onto an operator in SCETII of a form
identical to that in Eq. (4):
J (II)µ (1,
3S1) =
∑
i
Γiαβδµχ
†
−pΛ · σδψpTr
{
BαII⊥C
(1,3S1)
i (M, P¯+;µc)BβII⊥
}
. (9)
where µc =
√
MΛ is the SCETI–SCETII matching scale, and the subscripts indicate SCETII
fields. From now on we drop the subscripts. In SCETII the power-counting parameter is
η ∼ λ2, and the SCETII color-singlet operator in Eq. (9) is O(v3η2). The short-distance
coefficient is inherited from SCETI and is O(αs(M)).
The matching of the color-octet current is more complicated. In order to match onto
an SCETII operator with color-singlet collinear degrees of freedom we must consider time-
ordered products where a usoft gluon radiated from the bb¯ pair is turned into a final state
collinear degree of freedom. An example of such a diagram is given in Fig. 2. Two collinear
gluons are required for the collinear final state to be color-singlet. One of the collinear
gluons comes from the octet current, and the other can be produced by pulling a gluon out
of the bb¯g Fock state of the Υ, and kicking it with a collinear gluon from the current. This
requires a collinear-collinear-ultrasoft coupling which first appears at order λ in the SCETI
Lagrangian [26, 27, 28]:
L(1)cg =
2
g2
Tr
{
[iDµ, iD⊥νus ][iDµ, iD⊥cν ]
}
, (10)
where Dµ = Dµc + n ·Dusn¯µ/2. The decay amplitude comes from a time-ordered product
of the color-octet current and L(1)cg , or a time-ordered product of the color-octet current,
L(1)cg , and a leading order gluon interaction. Though our result will hold for either type of
time-ordered product we will, for the sake of concreteness, only consider the former:
T8 =
∫
d4xT
{
J(8, ·)(0),L(1)cg (x)
}
, (11)
where the dot stands for 1S0 or
3PJ . In the time-ordered product two gluon fields are
contracted to form the internal propagator in Fig. 2, which scales as 1/λ2. We require
two uncontracted A⊥cν fields (in a color-singlet configuration) so that we can match onto an
SCETII operator in the form Tr[A
⊥
cµA
⊥
cν ] which annihilates the final state collinear meson.
In this example the leading contribution is an n¯ ·An gluon field in one of the Wilson lines in
J(8, ·) contracted with an n ·An field in L(1)cg . After the contraction what remains in L(1)cg is
2
g2
Tr
{
[gTA, A⊥νus ][P¯, A⊥cν ]
}
, (12)
which scales as (λ2)(1)(λ) = λ3. Note we now have the correct field content for the operator
shown on the right-hand side of Fig. 2: there are two outgoing Ac⊥ fields, one from L(1)cg and
one from J(8, ·), in a color-singlet configuration, and an incoming soft gluon field also from
L(1)cg .
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Next we decouple collinear and usoft in SCETI through the field redefinition in Eq. (7).
This introduces factors of Y and Y † into our expressions. When matching onto SCETII these
become soft Wilson lines S and S†. Since these Wilson lines do not affect the power counting
we ignore them. Now we can match onto a convolution of SCETII operators with SCETI–
SCETII matching coefficients. Since these arise from integrating out the internal collinear
propagators they scale as λ−2 for each propagator. In our example there is one propagator
so the matching coefficient scales as O(λ−2), which is O(η−1) in the SCETII power counting
(remember η ∼ λ2). Since the SCETII operator has two A⊥cν fields each scaling as η, and a
soft field scaling as η, it scales as η3. Combining the scaling of the SCETII operator with
the scaling of the SCETI–SCETII matching coefficient gives an O(αs(µc)η2) contribution. If
we include the order v5 NRQCD scaling from the heavy sector, and the O(√αs(M)) contri-
bution from the QCD–SCETI matching coefficient the color-octet contribution to exclusive
decays scales as O(v5η2√αs(M)αs(µc)) in SCETII. Taking the ratio of the color-octet to
the color-singlet contribution to exclusive Υ decay in SCETII we find:
octet
singlet
∼ v
2αs(µc)√
αs(M)
, (13)
which is the same scaling we found in SCETI. Thus we can safely neglect the color-octet
contributions at this order.
III. COMPLETE BASIS OF COLOR-SINGLET MATCHING COEFFICIENTS
Now that the color-octet contribution has been eliminated we determine a complete basis
of Lorentz structures Γiαβµν that can appear in the color-singlet matching coefficient in
Eq. (4). At leading order in αs(M) only one Lorentz structure was found to be non-zero [2]:
C
(1,3S1)
1 (M,ω)Γ
1
αβδµ =
4g2seeb
3M
g⊥αβgµδ . (14)
However, at higher order other Lorentz structures may appear. These coefficients can be
constructed from the set:
{gµν , nµ, n¯µ, vµ} , (15)
where v is the four-velocity of the Υ, under the restriction that Γiαβδµ satisfies the appropriate
symmetries. For example, the full theory amplitude is parity even, as is the effective theory
operator, meaning that the matching coefficient must also be parity even. As a result the
epsilon tensor is not included in Eq. (15).
We treat v as an object independent of n, n¯ [28], and use n2 = n¯2 = 0, n · n¯ = 2, and
v2 = 1. Before we write down all the possible operators which can appear we note some
simple properties that will make our task more manageable. First we note that Γαβδµ must
be symmetric in α and β. To see this consider the object:∑
ω
C
(1,3S1)
i (M,ω)Γ
i
αβδµTr(B
α
⊥δω,P¯+B
β
⊥) . (16)
which is the collinear part of the color-singlet operator where a sum over ω has been in-
troduced. First interchange α and β, and then use the cyclic nature of the trace to switch
the two B⊥ fields. Note, however, there is a projection on these fields from the operator
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in the Kronecker delta involving P¯+. Since P¯+ = P¯† + P¯ this operator projects out mi-
nus the label on Bα⊥ and projects out the label on B
β
⊥ [8]. To preserve this relationship
when the order of the fields is switched we must let δω,P¯+ → δω,−P¯+ . By letting ω → −ω
we have δ−ω,−P¯+ = δω,P¯+ , and the operator goes into itself. However, the Wilson coeffi-
cient is now C
(1,3S1)
i (M,−ω). To demonstrate that Eq. (16) is symmetric under α ↔ β
we must show that C
(1,3S1)
i (M,ω) is even in ω. We use charge conjugation for this. The
heavy quark sector of the operator has charge conjugation C = −1 as does the photon. As
noted in Ref. [29] two gluons in a color-singlet configuration must have C even. Since QCD
is charge conjugation conserving the product of operator and coefficient in Eq. (16) must
also be C even. This is the case if the matching coefficient C
(1,3S1)
i (M,ω)Γ
i
αβδµ is C even.
Following Ref. [30], under charge conjugation the above product of operator and coefficient
goes to itself with ω → −ω in the coefficient function. Thus charge conjugation implies
C
(1,3S1)
i (M,−ω) = C(1,
3S1)
i (M,ω), and as a result Eq. (16) is symmetric in α and β. Second,
any vδ appearing in Γαβδµ gives zero contribution to the operator, since v · Λ = 0. Third,
nα, n¯α (and by symmetry nβ , n¯β) appearing in the operator also gives a zero contribution
since these indices contract with indices on the B⊥ field. Finally, we use reparameterization
invariance (RPI) of SCET [26, 31]. The terms satisfying these requirements are∑
i
C
(1,3S1)
i (M,ω)Γ
i
αβδµ = c1gαβgδµ + c2gαβ
nδnµ
(n · v)2 + c3gαβ
nδvµ
n · v (17)
+ c4
[(
gαµ − vαnµ
n · v
)(
gβδ − vβnδ
n · v
)
+
(
gαδ − vαnδ
n · v
)(
gβµ − vβnµ
n · v
)]
.
So far we have allowed v to be an arbitrary vector. Now we restrict ourselves to a frame
where vµ⊥ = 0. Furthermore we are interested in the case where the photon is real, so
we can restrict the photon to have transverse polarizations. This leaves only two linearly
independent terms:∑
i
C
(1,3S1)
i (M,ω)Γ
i
αβδµ = a
g
1g
⊥
αβg
⊥
δµ + a
g
2
(
g⊥αδg
⊥
βµ + g
⊥
αµg
⊥
βδ − g⊥αβg⊥δµ
)
, (18)
where gµν⊥ = g
µν − (nµn¯ν + n¯µnν)/2. The first term projects out the trace part of the
Tr(Bα⊥δω,P¯+B
β
⊥) operator, while the second term projects out the symmetric traceless com-
ponent. Since the Lorentz symmetry in the perpendicular components is not broken in
SCET these two terms do not mix under renormalization. The leading-order matching fixes
the coefficients a1 and a2 to order αs:
ag1(P¯+;µ = M) =
4g2seeb
3M
, ag2(P¯+;µ = M) = 0 . (19)
Since there is no mixing, a2 = 0 +O(α2s(M)) at all scales. Note this matching assumes the
Υ states are non-relativistically normalized: 〈Υ(P ′)|Υ(P )〉 = δ3(P − P ′).
In addition to gluon operators we must consider the basis of all possible quark operators
which can appear in radiative Υ decays
Jqµ(1,
3S1) =
∑
i
χ†−pΛ · σδψpξ¯n,p1WΓiµδ(M, P¯+)W †ξn,p2 . (20)
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The basis of Dirac structures, {n¯/, n¯/γ5, n¯/γµ⊥}, was given in Ref. [30], and the most general
basis of quark operators can then be constructed out of these Dirac structures and the set
{ǫαβµν , gµν , nµ, n¯µ, vµ}. Using the symmetries of SCET and RPI we find∑
i
Γiµδ = a
q
1
n¯/
2
g⊥µδ + a
q
2
n¯/
2
γ5ǫ
⊥
µδ + a
q
3
n¯/
2
γ⊥µ nδ . (21)
The first term transforms as a scalar, the second term transforms as a pseudoscalar, and the
third as a vector. The matching coefficients at the scale µ = M for the quark operators in
radiative Υ decay are all zero at leading order in perturbation theory, but the scalar quark
operator mixes with the scalar gluon operator through renormalization group running and
can be generated in this manner. The pseudoscalar and vector term do not mix with the
scalar gluon operator due to Lorentz symmetry and will not be generated at this order in
the perturbative matching.
IV. DECAY RATES & PHENOMENOLOGY
We now consider the phenomenological implications of our analysis for exclusive radiative
decays of quarkonium into either a single meson or a pair of mesons which are collinear. The
(n+ 1)-body decay rate is given by:
Γ(Υ→ γFn) = 1
2MΥ
∫
d3q
2Eγ(2π)3
n∏
i
d3pi
2Ei(2π)3
(2π)4δ4(P − q −
n∑
i
pi)
×|〈γ(q)p1...pn|JµAµ|Υ(P )〉|2 (22)
where J is the QCD current, A is the photon field, and Fn denotes an exclusive final
state consisting of n collinear particles. We consider only decay rates where the final state
momenta pi are all collinear with combined invariant massm
2
n = (
∑n
i pi)
2 ∼ Λ. The effective
theory decay rate is obtained by matching the current J onto the SCETII current given in
Eq. (9) plus a quark operator:
〈γ(q)p1...pn|JµAµ|Υ(P )〉
→
∑
i
Γiαβδµ〈γ(q)p1...pn|χ†−pΛ·σδψpTr
{
Bα⊥C
(1,3S1)
i (P¯+;µ)Bβ⊥
}Aµ|Υ(P )〉
+
∑
i
〈γ(q)p1...pn|χ†−pΛ·σδψpξ¯n,p1WΓiµδ(M, P¯+)W †ξn,p2Aµ|Υ(P )〉
= 〈0|χ†−pΛ·σδψp|Υ(P )〉〈γ(q)|Aµ|0〉g⊥δµ
×
[
〈p1...pn|Tr
{
Bα⊥ a
g
1(P¯+;µ)B⊥α
}|0〉+ 〈p1...pn|ξ¯n,p1W n¯/2 aq1(P¯+;µ)M W †ξn,p2|0〉
]
. (23)
In obtaining the second line we make use of the results in Eqs. (18) and (19), and use the
properties of SCETII to factor soft and collinear degrees of freedom. In the last line we
changed to a nonrelativistic normalization for the Υ state.
Next we define the light-cone wave functions
〈p1 . . . pn|P¯ Tr[Bα⊥δω,P+B⊥α ]|0〉 =M3−nφFng (x),
〈p1 . . . pn|ξ¯n,ω1W
n¯/
2
δω,P¯+W
†ξn,ω2|0〉 =M3−nφFnq (x) ,
(24)
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where states are relativistically normalized, and the discrete label ω is converted to a contin-
uous one, x = ω/n¯·p, as explained in Ref. [5]. The wave functions φFnq,g are dimensionless. See
Appendix A for the relation of these SCET light-cone wave functions to those conventionally
defined in QCD. Then the collinear matrix elements in brackets in Eq. (23) can be written
as the convolution:
〈p1...pn|Tr
{
Bα⊥ a
g
1(P¯+;µ)B⊥α
}|0〉+ 〈p1...pn|ξ¯n,p1W n¯/2 aq1(P¯+;µ)W †ξn,p2|0〉
= M2−n
∫ 1
−1
dx
(
ag1(x;µ)φ
Fn
g (x;µ) + a
q
1(x;µ)φ
Fn
q (x;µ)
)
. (25)
The dependence on the scale µ cancels between the long-distance matching coefficients and
the wave function. We will elaborate on this point in a moment. First we expand both
a
g/q
1 (x;µ) and φ
Fn
g/q(x;µ) in Gegenbauer polynomials:
aq1(x;µ) =
∑
n odd
a(n)q (µ)C
3/2
n (x) ,
ag1(x;µ) =
∑
n odd
a(n)g (µ)(1− x2)C5/2n−1(x) ,
φFnq (x;µ) =
∑
n odd
b(n)q (µ)(1− x2)C3/2n (x) ,
φFng (x;µ) =
∑
n odd
b(n)g (µ)(1− x2)C5/2n−1(x) . (26)
Then the convolution becomes an infinite sum of products of Gegenbauer coefficients:∫ 1
−1
dx
(
ag1(x;µ)φ
Fn
g (x;µ) + a
q
1(x;µ)φ
Fn
q (x;µ)
)
=
∑
n odd
(
f
(n)
5/2a
(n)
g (µ)b
(n)
g (µ) + f
(n)
3/2a
(n)
q (µ)b
(n)
q (µ)
)
, (27)
where
f
(n)
5/2 =
n(n+ 1)(n+ 2)(n+ 3)
9(n+ 3/2)
, f
(n)
3/2 =
(n+ 1)(n+ 2)
n + 3/2
. (28)
We now return to the question of the scale. Here we pick µ ∼ Λ which minimizes
logarithms in the wave function; however, large logarithms of M/Λ then appear in the
Wilson coefficients. These large logarithms are summed using the renormalization group
equations in SCET. This calculation was carried out in Ref. [5], and we only quote the
results here. We find:∫ 1
−1
dx
(
ag1(x;µ)φ
Fn
g (x;µ) + a
q
1(x;µ)φ
Fn
q (x;µ)
)
=
4
3
ag1(M)
∑
n odd
{[
γ
(n)
+
(
αs(µ)
αs(M)
)2λ(n)+ /β0
− γ(n)−
(
αs(µ)
αs(M)
)2λ(n)− /β0]
b(n)g (µ)
+
f
(n)
3/2
f
(n)
5/2
γ
(n)
gq
∆(n)
[(
αs(µ)
αs(M)
)2λ(n)+ /β0
−
(
αs(µ)
αs(M)
)2λ(n)− /β0]
b(n)q (µ)
}
, (29)
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where
β0 = 11− 2nf
3
,
γ
(n)
± =
γ
(n)
gg − λ(n)∓
∆(n)
,
λ
(n)
± =
1
2
[
γ(n)gg + γ
(n)
qq¯ ±∆(n)
]
,
∆(n) =
√(
γ
(n)
gg − γ(n)qq¯
)2
+ 4γ
(n)
gq γ
(n)
qg ,
γ
(n)
qq¯ = CF
[
1
(n+ 1)(n+ 2)
− 1
2
− 2
n+1∑
i=2
1
i
]
,
γ(n)gq =
CF
3
n2 + 3n+ 4
(n + 1)(n+ 2)
,
γ(n)qg = 3nf
n2 + 3n+ 4
n(n + 1)(n+ 2)(n+ 3)
,
γ(n)gg = CA
[
2
n(n + 1)
+
2
(n+ 2)(n+ 3)
− 1
6
− 2
n+1∑
i=2
1
i
]
− nf
3
. (30)
The quantities λ
(n)
± which appear in the exponents in Eq. (29) are negative for any n > 1.
Furthermore λ
(1)
− < 0, while λ
(1)
+ = 0. This property allows us to consider the asymptotic
limit M ≫ Λ, where αs(M)→ 0. Then
lim
M→∞
∫ 1
−1
dx
[
ag1(x;µ)φ
Fn
g (x;µ) + a
q
1(x;µ)φ
Fn
q (x;µ)
]
−→ 16
3
CF
4CF + nf
ag1(M)
[
b(1)g (Λ) +
3
4
b(1)q (Λ)
]
≡ BFnag1(M),
(31)
which defines a nonperturbative parameter BFn. However, for values of M around the Υ
mass this is not a very good approximation, and for values around the J/ψ mass a much
better approximation is to assume no running at all.
A. Two body decay: Υ→ γf2
Having taken care of the technical details we can now use the above results to study the
two body radiative decay Υ→ γF1. The decay rate is
Γ(Υ→ γF1)SCETII =
1
16π
〈Υ|ψ†p′σi⊥χ−p′χ†−pσi⊥ψp|Υ〉
×
[ ∫ 1
−1
dx
(
ag1(x;µ)φ
F1
g (x;µ) + a
q
1(x;µ)φ
F1
q (x;µ)
)]2
, (32)
where the full expression for the term in brackets is given in Eq. (29). After factoring, the
soft matrix element involving the heavy quark fields was further simplified using the vacuum
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insertion approximation for the quarkonium sector, which holds up to corrections of order
v4 [10]. Note that the operator above overlaps only with the λ = ±1 helicities of the Υ.
Then using the rotation symmetries of NRQCD [32] we can relate the non-relativistic matrix
element above to those conventionally used:
〈Υ|ψ†p′σi⊥χ−p′χ†−pσi⊥ψp|Υ〉 =
2
3
〈Υ|O(1, 3S1)|Υ〉 . (33)
For the final state meson F1 to have nonzero overlap with the operators in Eq. (24) it must
be flavor singlet, parity even and charge conjugation even. One candidate with the correct
quantum numbers is the f2(1270). Furthermore this decay has been measured both in Υ
and J/ψ radiative decay, which is why we consider it. An interesting point is that only the
helicity λ = 0 component of the f2 contributes at the order to which we are working. To
see this begin by considering the decomposition of the following gluon matrix element into
all possible light-cone form-factors:
〈f2|Tr[Bα⊥Bβ⊥]|0〉 = A(e(λ))gαβ⊥ +Bλeαβ⊥ (λ), (34)
where eαβ is the symmetric-traceless polarization tensor of the f2. We give the explicit form
in Appendix B. There are only two form factors above since the matrix element must be
decomposed into tensors that have non-zero perpendicular components. The only structures
available are gαβ⊥ and e
αβ
⊥ . For λ = ±1, eµν⊥ (λ = ±1) = 0, so this helicity component
does not appear at this order. The coefficient A(e(λ)) is a scalar function which can be
constructed from Tr(e⊥) and n¯αnβe
αβ . Because the helicity-zero polarization tensor has the
property that eµν⊥ (λ = 0) ∝ gµν⊥ , and the helicity-two polarization tensor has Tr(e⊥) = 0 and
n¯αnβe
αβ = 0, we can fix the normalization of the coefficient A(e(λ)) so that the first term on
the right-hand side of Eq. (34) parameterizes the λ = 0 contribution while the second term
parameterizes the λ = ±2 contributions. The helicity-zero piece is picked out by the a1gαβ⊥
term in Eq. (18), while the helicity-two piece is picked out by the a2 term. Thus at leading
order in perturbation theory, the dominant decay should be to the helicity-zero component
of the f2.
The NRQCD matrix element in Eq. (32) can be expressed in terms of the leptonic decay
width of the Υ. At leading order,
Γ(Υ→ e+e−) = 8πα
2e2b
3M2
〈Υ|O(1, 3S1)|Υ〉 , (35)
and the decay rate for Υ→ γf2 can be expressed as:
Γ(Υ→ γf2) = 16παs(M)
2
9α
(Bf2)2Γ(Υ→ e+e−) . (36)
We can repeat the same analysis for the decay rate Γ(J/ψ → γf2) and form a ratio of
branching fractions, which in the asymptotic limit is:
B(Υ→ γf2)
B(J/ψ → γf2) =
[
αs(Mbb¯)
αs(Mcc¯)
]2(
4CF + 3
4CF + 4
)2
B(Υ→ e+e−)
B(J/ψ → e+e−) , (37)
where MQQ¯ = 2mQ. Using mb = 4.1 − 4.4 GeV, mc = 1.15 − 1.35 GeV, B(Υ → e+e−) =
(2.38± 0.11)× 10−2, and B(J/ψ → e+e−) = (5.93± 0.10)× 10−2 [33], we predict the ratio
of branching fractions to be in the range:[
B(Υ→ γf2)
B(J/ψ → γf2)
]
M→∞
= 0.14− 0.19 . (38)
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As was mentioned earlier the asymptotic limit is not particularly good for the Υ, and quite
bad for the J/ψ. As a consequence we consider the scenario where the resummation of
logarithms is neglected. In this case the ratio of branching fractions lies in the range
B(Υ→ γf2)
B(J/ψ → γf2) = 0.18− 0.23 . (39)
We can improve this approximation by keeping more terms in the resummed formula in
Eq. (29). The dominant term is the part of the n = 1 term proportional to b
(1)
g (µ), and in
this approximation:
B(Υ→ γf2)
B(J/ψ → γf2) =
[
αs(Mbb¯)
αs(Mcc¯)
]2 γ(1)+ − γ(1)− (αs(µ)/αs(Mbb¯))2λ(1)− /βnf=40
γ
(1)
+ − γ(1)−
(
αs(µ)/αs(Mcc¯)
)2λ(1)− /βnf=30
2 B(Υ→ e+e−)
B(J/ψ → e+e−)
= 0.13− 0.18 , (40)
where µ ∼ 1 GeV. The range of values has not changed much from Eq. (38); however,
theoretical errors are reduced: corrections to Eq. (40) from the b
(1)
q and higher-order terms
in Eq. (29) are estimated to be roughly 40%, while corrections to the infinite mass limit
from higher order terms are estimated to be roughly 80%. Corrections to Eq. (39) are hard
to estimate; however, the range of values obtained give a rough upper limit on the ratio of
branching ratios. In addition there are theory errors from neglecting higher-order terms in
the perturbative expansion, as well as in the expansions in v and η. Our prediction can be
compared to the measured value of 0.06 ± 0.03, using the measurements B(Υ → γf2) =
(8± 4)× 10−5 and B(J/ψ → γf2) = (1.38± 0.14)× 10−3 [33]. Given the theoretical errors
we can only conclude that our prediction does not disagree with data.
Our predictions for the ratios of Υ and J/ψ branching fractions to γf2 are consistent
with the results of Refs. [23, 24, 25] at leading order in the twist expansion used therein. In
particular, we reproduce the suppression of the helicities |λ| = 1, 2 in the final state relative
to λ = 0. In contrast with Ref. [25], we extract the NRQCD color-singlet matrix elements
from the leptonic decay widths of Υ and J/ψ instead of the decay widths to light hadrons,
for which corrections from color-octet contributions must be taken into account for a reliable
calculation [34]. The leptonic decay width, however, receives large corrections at NNLO in
perturbation theory [35, 36]. In either case, one hopes that the uncertainties are mitigated
in taking the ratios of branching fractions.
We can also compare the decay rates of J/ψ and ψ′ to γf2 predicted by Eq. (32) at the
matching scale µ = M , where aq1(x;M) = 0 and a
g
1(x;M) is a constant. Dependence on the
integral of the wave function φf2g (x;M) cancels out in the ratio of branching fractions:
B(J/ψ → γf2)
B(ψ′ → γf2) =
B(J/ψ → e+e−)
B(ψ′ → e+e−) = 7.85± 0.35 , (41)
while the measured value is 6.57± 1.42. We used B(ψ′ → e+e−) = (7.55± 0.31)× 10−3 and
B(ψ′ → γf2) = (2.1± 0.4)× 10−4 [33].
B. Three body decay: Υ→ γpipi
Next we consider a two pion final state in the kinematic region where the pions are
collinear to each other with large energy and small total invariant mass mpipi ∼ Λ. In this
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case we we have a three body final state where the two pions are collinear. It is convenient
to define the variables:
m2pipi = (p1 + p2)
2 , z =
n¯·p1
MΥ
. (42)
In terms of these variables the differential decay rate is
dΓ
dm2pipi dz
=
1
512π3M2Υ
〈Υ|ψ†p′σi⊥χ−p′χ†−pσi⊥ψp|Υ〉
×
[ ∫ 1
−1
dx
(
ag1(x;µ)φ
pipi
g (x;µ) + a
q
1(x;µ)φ
pipi
q (x;µ)
)]2
(43)
to leading order in m2pipi/M
2
Υ. The properties of the meson pair light-cone wave function φ
pipi
have been investigated in Refs. [37, 38], which interestingly find that in the region where
Λ≪ mpipi ≪ MΥ they are given by an integral over two single-particle wave functions. The
ratio of the Υ and J/ψ rates to γππ in the kinematic region of low m2pipi is numerically the
ratio in Eq. (40) times an extra factor of m2c/m
2
b ∼ 0.07 − 0.1, that is, 0.01 − 0.02. This
suppression is due to the much larger total phase space available in Υ→ γππ relative to that
in Υ → γf2. No Υ → γππ events have yet been observed in the region m2pipi < (1.0 GeV)2
[39].
V. CONCLUSIONS
We have systematically analyzed the exclusive radiative decays of quarkonium to ener-
getic light mesons within the framework of soft-collinear effective theory and non-relativistic
QCD to leading order in the effective theory power counting, as well as to leading order
in the strong coupling. We show that color-octet contributions are suppressed by a factor
of v2αs(µc)/
√
αs(M) ≈ 0.05 in exclusive Υ decays, and can therefore be safely neglected.
This is different from the situation in inclusive radiative decays in the endpoint region where
octet contributions must be kept.
We then turn to the color-singlet contribution. The tree-level matching onto this oper-
ator is carried out in Refs. [2, 3]; however, the authors do not consider the complete set of
operators that could appear in this decay. We use the symmetries of SCET and NRQCD,
including RPI, to show that the operator which is matched onto in Refs. [2, 3] is the only op-
erator that can appear for the decays in question. We also consider the set of possible quark
operators which can arise. Again only one of the possible quark operators can contribute
to the decays we are interested in. This operator has zero matching coefficient, but it can
be generated through running. We use the results of Ref. [5] for the renormalization group
mixing of the quark and gluon operators, thus resumming large logarithms. Our results
agree with the leading-twist analyses carried out in Refs. [23, 24, 25]. In Ref. [25] higher
twist corrections to the color-singlet contribution were considered. These corrections would
be part of higher-order SCET corrections, which we have not studied here. Such an analysis
would be complicated by the subleading color-octet contribution discussed in this work.
Finally we study the phenomenology of quarkonium radiative decay to the f2, as well
as to ππ where the pions are collinear. We make predictions for the ratios of branching
fractions B(Υ → γf2)/B(J/ψ → γf2) and B(J/ψ → γf2)/B(ψ′ → γf2), as well as for
the differential decay rates of Υ and J/ψ to γππ in the kinematic region of two collinear
pions. Our predictions for the decays to γf2 are consistent with experimental data, but
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with large theoretical uncertainties, while there is insufficient data for γππ with which to
compare. Further theoretical work and more experimental data, especially for the light-cone
wave functions of f2, will improve the precision of these predictions greatly.
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APPENDIX A: NONPERTURBATIVE MATRIX ELEMENTS AND LIGHT-
CONE WAVE FUNCTIONS
The matrix elements in Eq. (24) defining the SCET wave functions φFng,q can be related to
conventional QCD wave functions for flavor-singlet mesons. The two-gluon wave functions
for a meson with momentum q and net helicity λ = 0,±2 are defined as [40]:
〈0|TrGµν(z)Y (z,−z)Gνλ(−z)|q, λ = 0〉µ0 = fLS qµqλ
∫ 1
−1
dζ eiz·qζφLS(ζ, µ0) ,
〈0|TrGµν(z)Y (z,−z)Gνλ(−z)|q, λ = ±2〉µ0
= f⊥S [(qµe
⊥
νβ − qνe⊥µβ)qα − (qµe⊥να − qνe⊥µα)qβ]
∫ 1
−1
dζ eiz·qζφ⊥S (ζ, µ) ,
(A1)
where Y (z,−z) is the path-ordered exponential of gluon fields:
Y (z,−z) = P exp
[
ig
∫ z
−z
dσ ·A(σ)
]
. (A2)
Going to the light-cone frame where qµ =
n¯·q
2
nµ and z
µ = n·z
2
n¯µ, we invert these formulas to
find
φLS(ζ ;µ0) =
n¯µn¯λ
4πfLS q
−
∫ ∞
−∞
dz+ e−iζq
−z+/2〈0|TrGµν(z+)Y (z+,−z+)Gνλ(−z+)|q, λ = 0〉 ,
φ⊥S (ζ ;µ0) =
n¯µn¯αe∗νβ⊥
4πf⊥S q
−
∫ ∞
−∞
dz+ e−iζq
−z+/2〈0|TrGµν(z+)Y (z+,−z+)Gαβ(−z+)|q, λ = ±2〉,
(A3)
where z+ = n ·z, and q− = n¯ ·q. Now we match the QCD fields on the right-hand side to
fields in SCET:
n¯µGµν(z
+)→
[
e−iP¯z
+/2n¯µG
µν
n
]
,
Y (z+,−z+)→
[
Wne
i(P¯†+P¯)z+/2W †n
]
,
(A4)
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where
Gµνn =
i
g
[Dµ − igAµn,q,Dν − igAνn,q′], (A5)
with
iDµ = n
µ
2
P¯ + Pµ⊥ +
n¯µ
2
in·Dus. (A6)
Therefore, for example, the matching between the QCD light-cone wave-function φLS and
the SCET operator is
φLS(ζ ;µ0) →
n¯µn¯λ
4πfLS q
−
∫ ∞
−∞
dz+ e−iζq
−z+/2〈0|TrGnµν(0)WneiP¯+z
+/2W †nG
nν
λ(0)|q, λ = 0〉
=
−1
16πfLs q
−
∑
ω
∫ ∞
−∞
dz+ e−i(ζq
−−ω)z+/2(q− − ω)(q− + ω)〈0|TrBν⊥δP¯+,ωB⊥ν |q, λ = 0〉 . (A7)
Integrating over z+, and converting from the discrete index ω to a continuous ωc where
ζ ≡ ωc/q− we obtain the matching relation between the QCD and SCET light-cone wave
functions
φL,⊥S (ζ ;µ)→ −
q−
4fLS
(1− ζ2)φM(L,⊥)g (ζ ;µ) . (A8)
The SCET wave functions on the right-hand side are given by [cf. Eq. (24)]:
〈0|P¯ Tr[Bα⊥δω,P¯+B⊥α ]|M(q)〉 = (q−)2φM(L)g ,
e∗⊥αβ〈0|P¯ Tr[Bα⊥δω,P¯+Bβ⊥]|M(q)〉 = (q−)2φM(⊥)g .
(A9)
Relations between the wave functions for the quark operator in QCD and SCET can be
derived as in Ref. [30].
APPENDIX B: SPIN-2 POLARIZATION TENSORS
The spin-2 polarization tensor for a particle of mass m and three-momentum k can be
built from spin-1 polarization vectors using Clebsch-Gordan coefficients to arrive at
eµν(λ = ±2) = 1
2

0 0 0 0
0 1 ±i 0
0 ±i −1 0
0 0 0 0
 ,
eµν(λ = ±1) = ∓ 1
2m

0 |k| ±i |k| 0
|k| 0 0 Ek
±i |k| 0 0 ±iEk
0 Ek ±iEk 0
 ,
eµν(λ = 0) =
1
m2
√
2
3

k2 0 0 |k|Ek
0 −m2
2
0 0
0 0 −m2
2
0
|k|Ek 0 0 E2k
 .
(B1)
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